) that the fact that the space of homeomorphisms of D 2 onto itself is locally contractible enabled us to apply a selection theorem of Michael to prove that/is like a projection map if it has certain regularity properties similar to equicontinuity (see § 0.3) and that if ƒ is replaced by a finite dimensional separable metric space,/is like the projection map of a disc bundle. Thus, in addition to their intrinsic interest, solutions to problems concerning the homotopy groups of the space of all homeomorphisms on a manifold have important consequences in the study of fibre bundles and open mappings.
I wish, at this point, to express my appreciation to Robert D. Edwards for a long and helpful letter and to Paul T. Bateman, my department head, for general encouragement and some relief from classroom duties during the preparation of this manuscript. 0.2. The setting; definitions and conventions. All manifolds, unless it is specifically stated otherwise, are to be compact, with or without boundary. Let M be a manifold and let f:M->N be an embedding of M in an «-manifold N. I write/: M^N and call this embedding proper iff"' 1 (dN) = dM, where 9 denotes boundary. I consider such embeddings only for the case dimM=« -1 and hereafter frequently assume, without specific mention of the fact, that this is the case. The proper embedding/: M<+N is locally flat at ƒ (x), x G int M (the interior of M), if there is a homeomorphism h oîE n onto a neighborhood of/(JC) in N such that h(0)=f(x) and h(E n - 1 ) is a neighborhood of/(x) in f(M) (where £ n~1 denotes the hyperplane x n =0). A suitable modification of this definition is made for xedM.
Then ƒ is locally flat if it is locally flat at each point ƒ (x).
Let Top(N) denote the identity component of the space of all homeomorphisms of a compact «-manifold N onto itself. If ƒ is such a homeomorphism, I write/:iV±>. The symbol 1^ denotes the identity homeomorphism. When no confusion exists, the subscript N will be dropped. This space is provided with the sup norm metric-i. 
-+B(x, d) (j^k) is homotopic to 0 in B(x, e). The space Xis locally contractible if for each x e X and £>0, there is a (5>0 such that B(x, ô) is contractible in B(x, s).
It is important to note here that since Top(N) is a group whose operation is composition of homeomorphisms, if it is LC fc or locally contractible at 1 N , it is so at every element. Also, the easily proved fact that d(f,g)= d(fh, gh) implies that for Top(N), the ô in the definition of LC & and local contractibility depends only on s-i.e., Top(N) is LC fc if and only if for each e there is a ô such that if ƒ e Top(N), every map of S j (j^k) into B(f, ô) is homotopic to 0 in B(f, s) and if we exhibit such a ô for 1^ it works for every/.
In E n , D n denotes the closed unit ball centered at the origin, 0, and S"-1 denotes its boundary. The ball D"-1 is identified with D n C\E n~1 . As usual, ƒ denotes the interval [0, 1] .
Two homeomorphisms/, g\M^N are isotopic if there is a homeomorphismF:Mx 7c;7Vx / such that F(x, 0)=(/(x), 0), F(x, l) = (g(x), 1) and F commutes with projection on the second factor-i.e., I now describe the setting in which this theorem is used. There is a map f\X->Y, X and Y as described above, and a compact space K such that for each y, there is a homeomorphism f y of K onto ƒ ^(y). The map ƒ is required to be completely regular-i.e., for each y and e>0, there is a <5>0 such that if y ' e 7 and d{y\ y)<ô, then there is an e-homeomorphism off" 1 {y) onto /'""H/)-From the map ƒ there is obtained a map/ *:X*-+Y where, for each y, f*^{y) is the space (homeomorphic to Top{K)) of all homeomorphisms of K onto /^(y). Suppose it is known that Top{K) is LC W . The complete regularity makes it easy to prove that for (X* 9 f* 9 Y), the hypotheses of Michael's theorem are satisfied so that for each y, there is a neighborhood U of y and a map GJJ : £/->X* such that/ *G U = 1 u. 
F(x,t)eNxt. (Such an
Fis
. 0(E 2 ) is a strong deformation retract of Top(E 2 ) (compact-open topology).
This last result is of particular interest since Browder [6] This example illustrates a close relationship between the homotopy properties and the canonical extension properties. It is from this point of view that I have studied these problems. It was essentially from this point of view that Kneser (as I mentioned in §0.1) proved these theorems for S 2 . Although his proof is not exactly like that outlined above, the essential ideas are the same. He used the continuity property of conformai mappings on the annulus (see [41] or [57] ) to obtain the necessary canonical extension properties of Cases 1 and 2 above. Consider The proof, while extremely complicated, is essentially elementary and involves the construction, for h e Top(N), of a canonical sequence of expanding and shrinking homeomorphisms going from h to 1. All these homeomorphisms may be PL. Cernavskifs work is discussed in some detail by Rushing in [52] .
In 
The map O (of a neighborhood of 1 into a neighborhood of 1) can be constructed via Kirby's main diagram ([36], [52] ) in two different ways. One version uses as its main tools an immersion of T n -D n into 3 int D n (T n is the «-torus) and the canonical Schoenflies theorem. The other version omits these devices and uses instead an expanding and shrinking process à la Cernavskiï. Once O(A) is constructed, a version of the Roberts trick proves the lemma.
In a triangulated manifold N-say, for convenience, without boundarythe handles constructed in the standard handlebody decomposition (as described in § §1.5 and 1.6 for M 2 and M 3 ) are of a form that is amenable to the construction of 0(A). Suppose that ris a triangulation of N and a is the barycenter of a ^-simplex of T. One of the fc-handles is H, the star of a in the second barycentric subdivision of T. The handle His homeomorphic to D k x D n~k in such a way that it intersects the union of the y-handles, j<k, in a copy of dD k xD n~k . Suppose that h e Top(N) 9 is near l^y and has been canonically isotoped via a small isotopy to h k , which is 1 on all y-handles, j<k. Let H' be a copy of
n -* k and such that H' meets no other /c-handles and meets the union of the/-handles,/<&, in a copy of dD k x 5D n~k . The construction in the main lemma now yields a canonical 0(A), 0(A)=1 on N-H' and (S>(h)=h^1 on//. Exactly asdescribed in § §1.5 and 1.6 for M 2 and A/ 3 , we get an isotopy from h k to a homeomorphism leaving H and ally-handles, /<k, pointwise fixed. A repetition of this yields the required canonical isotopy from A to 1.
It must be pointed out that the proof for nontriangulated manifolds is considerably more complicated, but it is certainly in the spirit of what I have outlined above. Also, Edwards and Kirby have a more general result, which they use the main lemma to prove. THEOREM He then goes on to prove a complete regularity property. There also follows readily Cernavskiï has also proved many similar and related results. Announcements may be found in [10] . I will not be concerned with technical details here but refer the reader to [42] and [51] .
It is possible in this setting to get a suitable homotopy theory. For the present purposes it suffices to note a few pertinent facts. These semisimplicial complexes have the homotopy type of CW-complexes. 
